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Abstract
We reconstruct F (G) gravity theory with an exponential scale factor to re-
alize the bouncing behavior in the early universe and examine the asymptotic
behaviour of late-time solutions in this model. We propose an approach to the
construction of asymptotic expansions of solutions of the Friedmann equations
on the basis of Puiseux series.
1 Introduction
The Big Bang era is one of the less understood periods of the evolution of our Uni-
verse, and the physics behind this era is still inconceivable. The classical cosmological
approach leads inevitably to an initial singularity, which is a rather ”embarrassing”
feature of the classical description, because due to this singularity, the closed time-like
geodesics which pass from this singularity, have a finite proper length, but no end
points to normal space away from the singularity. However, not so long ago there was
an alternative description - the matter bounce scenario [1, 2, 3, 4]. In this scenario, in
the contraction phase the universe is dominated by matter, and a non-singular bounce
occurs. Also, the density perturbations whose spectrum is consistent with the observa-
tions can be produced (for a review, see [5]). In addition, after the contracting phase,
the so-called BKL instability [6] happens, so that the universe will be anisotropic. The
way of avoiding this instability [7] and issues of the bounce [8, 9] in the Ekpyrotic sce-
nario [10] has been investigated [11, 12, 13]. Moreover, the density perturbations in the
matter bounce scenario with two scalar fields has recently been examined [14]. On the
other hand, various cosmological observations support the current cosmic accelerated
expansion. To explain this phenomenon in the homogeneous and isotropic universe, it
is necessary to assume the existence of dark energy, which has negative pressure, or
propose that gravity is modified on large scales (for recent reviews on issues of dark
energy and modified gravity theories, see, e.g., [15, 16, 17, 18, 19, 20]). Regarding the
latter approach, there have been proposed a number of modified gravity theories such
as F (R) gravity. Bounces in modified gravity of F(R) type mainly have been studied in
[21, 22, 23, 24, 25, 26]. A relation between the bouncing behavior and the anomalies
on the cosmic microwave background radiation also been discussed [27].
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The asymptotic behavior of bouncing models is interesting due to various reasons.
First of all, it may give the information about ΛCDM era of bounce cosmology [28, 29,
25, 30, 38]. Second, it maybe important for the understanding of possible presence of
weak singularities at the very-early and very-late bounce universe. Indeed, it is known
that bounce universe maybe still weakly singular, see examples in [22, 23]. The study
of weak singularities in bouncing universe may suggest the way to remove finally all the
singularities and construct the totally regular bounce. Finally, the asymptotic behavior
of solutions may indicate new, not yet explored possibilities for the universe evolution.
2 F (G) theory of gravity
In this paper, we explore bounce cosmology in F (G) gravity. This class of modified grav-
ity is based on the use of the Gauss-Bonnet invariant G = R2−4RµνRµν +RµνρσRµνρσ,
where Rµν is the Ricci tensor and Rµνρσ is the Riemann tensor.
The action of F (G) gravity model is described as [31]
S =
1
2κ2
∫
d4x
√−g (R + F (G)) + Smatter , (1)
where g is the determinant of the metric tensor gµν and Smatter is the matter action. We
use units of kB = cl = ~ = 1, where c is the speed of light, and denote the gravitational
constant 8piG by κ2 ≡ 8pi/M2Pl with the Planck mass ofMPl = G−1/2 = 1.2×1019 GeV.
It follows from this action that the gravitational field equation reads
Rµν − 1
2
gµνR− 1
2
gµνF (G)+
+
(
2RRµν − 4RµρRνρ + 2RµρστRνρστ − 4gαρgβσRµανβRρσ
)
F ′(G)−
− 2 (∇µ∇νF ′(G))R + 2gµν (F ′(G))R− 4 (F ′(G))Rµν+
+ 4 (∇ρ∇µF ′(G))Rνρ + 4 (∇ρ∇νF ′(G))Rµρ − 4gµν (∇ρ∇σF ′(G))Rρσ+
+ 4 (∇ρ∇σF ′(G)) gαρgβσRµανβ = κ2T (matter)µν .
Here, the prime denotes the derivative with respect to G, ∇µ is the covariant deriva-
tive,  ≡ gµν∇µ∇ν is the covariant d’Alembertian, and
T µ(matter)ν = diag (−ρmatter, pmatter, pmatter, pmatter)
is the energy-momentum tensor of matter, where ρmatter and pmatter are the energy
density and pressure of matter, respectively.
We take the flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric, given by
ds2 = −dt2 + a2(t)
∑
i=1,2,3
(
dxi
)2
,
where a is the scale factor, H = a˙/a is the Hubble parameter, and the dot shows the
time derivative. In this background, we have R = 6H˙+12H2 and G = 24H2
(
H˙ +H2
)
.
The gravitational field equations become [32]
6H2 + F (G)− GF ′(G) + 24H3G˙F ′′(G) = 2κ2ρmatter, (2)
2
4H˙ + 6H2 + F (G)− GF ′(G) + 16HG˙
(
H˙ +H2
)
F ′′(G)+
+ 8H2G¨F ′′(G) + 8H2G˙2F ′′′(G) = −2κ2pmatter.
In what follows, we investigate only gravity part of the action in Eq. (1) without its
matter part.
We examine the following form of the scale factor
a(t) = exp
(
αt2
)
, α > 0. (3)
Here α is a constant with the dimension of mass squared ([Mass]2). From this expres-
sion we have
H(t) = 2αt, G(t) = 192t2α3(1 + 2t2α). (4)
We should note that G ≥ 0 for any t.
From Eq. (4) we see that a cosmological bounce happens in the early universe at
the time t = 0. On the other hand, when αt2 ≫ 1, the universe can be considered to
be at the dark energy dominated stage, because taking into account Eq. (3), we get
a¨(t) = 2α(1 + 2αt2) exp(αt2) > 0.
This implies the accelerated expansion of the universe happens. Thus we see that in
the case when the scale factor is given by Eq. (3) the late-time cosmic acceleration as
well as the bouncing behavior in the early universe can be realized in a unified manner.
3 Reconstruction method of F (G) gravity
Next, we reconstruct F (G) gravity models by using the method [33, 34, 35]. Introducing
proper functions P (t) and Q(t) of a scalar field t, which is interpreted as the cosmic
time, the action in Eq. (1) without matter is described as
S =
1
2κ2
∫
d4x
√−g (R + P (t)G +Q(t)) . (5)
By varying this action with respect to t, we obtain
dP (t)
dt
G + dQ(t)
dt
= 0. (6)
Solving this equation in terms of t, we get t = t(G). The substitution of t = t(G) into
Eq. (5) yields F (G) = P (t)G +Q(t). Using this equation and Eq. (2), we find
Q(t) = −6H2(t)− 24H3(t)dP (t)
dt
. (7)
With this equation and the relation F (G) = P (t)G +Q(t), we acquire
2H2
d2P (t)
dt2
+ 2H
(
2H˙ −H2
) dP (t)
dt
+ H˙ = 0. (8)
Suppose the scale factor is given by Eq. (3), the general solution of Eq. (8) becomes
P (t) =c1 + c2
(
2α t 1F1
(
1
2
;
3
2
;αt2
)
− 1
t
eαt
2
)
−
− 1
12
t2 2F2
(
1, 1; 2,
5
2
;αt2
)
− 1
8α
ln(αt2),
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where c1 and c2 are arbitrary constants, 1F1 (a; b; z) and 2F2 (a1, a2; b1, b2; z) are gener-
alized hypergeometric functions. From Eq. (7), we obtain
Q(t) = −24α2t2 − 192c2α3teαt2 + 48α2t2eαt2 1F1
(
1
2
;
3
2
;−αt2
)
.
Plugging this expression with Eq. (6), we have
t = ± 1
4
√
3α
√
−12α +
√
6
√
G+ 24α2, G ≥ 0. (9)
Accordingly, by solving F (G) = P (t)G + Q(t), we find the most general form of F (G)
as
F (G) = c1G + c2
(
2α tG 1F1
(
1
2
;
3
2
;αt2
)
− (G + 192t2α3)1
t
eαt
2
)
− 24α2t2+
+ 48α2t2eαt
2
1F1
(
1
2
;
3
2
;−αt2
)
− 1
12
t2G 2F2
(
1, 1; 2,
5
2
;αt2
)
− 1
8α
G ln(αt2), (10)
where t determined by the expression (9).
4 Asymptotic behaviour of solutions
We explore the exponential form of the scale factor (3) and for this case Friedmann
equation (2) has the form
p2(G)d
2F (G)
dG2 + p1(G)
dF (G)
dG + F (G) = b(G), (11)
with
p2(G) =− 192α2G − 16α(G + 48α2)(12α−
√
6
√
G + 24α2),
p1(G) =− G,
b(G) =1
2
(
12α−
√
6
√
G + 24α2
)
.
It is not difficult to see that the differential equation has two singularities. One of them
(G = 0) is a regular singularity and another (G =∞) is an irregular singularity.
One can consider the homogeneous equation corresponding to Eq. (11)
d2F (G)
dG2 + q1(G)
dF (G)
dG + q2(G)F (G) = 0. (12)
Here the coefficients q1(G) and q2(G) have the following form
q1(G) = p1(G)
p2(G)
, q2(G) = 1
p2(G)
.
It is obviously that F (G) = G is a solution of Eq. (12).
We seek a solution of Eq. (11) in the neighborhood of G = 0. First of all, we
construct a fundamental system of solutions of the homogeneous equation (12). Since
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the coefficients qk(G) for k = 1, 2 has a pole of order not higher than k at G = 0, then
we can obtain
q1(G) = q¯1(G)G , q2(G) =
q¯2(G)
G2 ,
where q¯1(G) and q¯2(G) are holomorphic functions in a neighborhood of G = 0. We
construct a fundamental system of solutions of Eq. (12) in the neighborhood of G = 0.
Solutions will be found in the form of a generalized series
F (G) = Gµ
∞∑
k=0
AkGk.
By combining this expression with Eq. (12), we acquire
µ (µ− 1) + q¯1(0)µ+ q¯2(0) = 0. (13)
By solving this equation, we get µ1 = 1/2 and µ2 = 1. The value µ = 1 corresponds
to solution F (G) = G. The second solution of Eq. (12) we represent
F (G) =
√
Gϕ(G),
where ϕ(G) is holomorphic function in the neighborhood of G = 0 at that ϕ(G) 6= 0.
Substituting Eq. (13) into the homogeneous equation, we obtain a recurrent system
from which we consistently find the coefficients A0, A1, . . .. Thus, the fundamental
system of the homogeneous equation has the form
F1(G) = G,
F2(G) =
√
G
(
1− G
2
21233α4
+O(G3)
)
, G → 0.
By solving the inhomogeneous equation (11) using the method of variation of constants,
we obtain an approximate solution at G → 0
F (G) = c1G + c2
√
G
(
1− G
2
21233α4
+O(G3)
)
− 1
8α
G lnG + G
2
2832α3
+O(G3),
where c1 and c2 are arbitrary constants. In addition, it should be mentioned that we
could have obtained the same result if we expand Eq. (10) in a fractional power of G.
Next, we will construct an asymptotic expansion of solution of Eq. (11) at G → ∞.
As above, we find a fundamental system of solutions of homogeneous equation (12),
where the coefficients of equation are represented as asymptotic series
q1(G) = − 1
16
√
6α
1
G1/2 −
1
4G −
3
√
6α
8
1
G3/2 + . . . , q2(G) = −
1
G q1(G).
Asymptotic solutions will be found in the form of a Puiseux series [36]
F (G) = exp(λG1/2)Gσ
∞∑
k=0
AkG−k/2
By combining this expression with Eq. (12), we acquire
λ
(
λ− 1
8
√
6α
)
= 0, σ =
√
6− 36αλ√
6− 96αλ.
5
Solutions of this equations are λ1 = 0, σ1 = 1 and λ2 = 1/(8
√
6α), σ = −1/4. The
first of them is correspond to solution F (G) = G. Therefore the asymptotic expansion
of the second solution of Eq. (12) can be represented in the form
F (G) = exp
( G1/2
8
√
6α
)
ϕ(G), (14)
where ϕ(G) is Puiseux asymptotic series at G → ∞. Substituting Eq. (14) into the
homogeneous equation, we obtain a recurrent system from which we consistently find
the coefficients A0, A1, . . .. Thus, the asymptotic expansion for solution of Eq. (11)
has the form
F (G) = exp
( G1/2
8
√
6α
)
G−1/4
(
1 +O
(
1
G1/2
))
, G → ∞.
Asymptotic expansion for solution of inhomogeneous equation (11) will be found in the
form
F (G) = G
∞∑
k=0
AkG−k/2. (15)
Substituting Eq. (15) into Eq. (11) we find the coefficients Ak. As a result, we obtain
F (G) = A0G −
√
6G1/2 − 18α+O
(
1
G1/2
)
, G → ∞,
where A0 is arbitrary constant.
Note that there is another asymptotic expansion for the solution of Eq. (11)
F (G) =A0G −
√
6G1/2 − 18α +O
(
1
G1/2
)
+
+B0 exp
( G1/2
8
√
6α
)
G−1/4
(
1 +O
(
1
G1/2
))
, G → ∞,
where A0 and B0 are arbitrary coefficients. Varying these coefficients leads to the
asymptotic behaviour change. In particular, it is easy to see that if we take A0 = 0
and B0 = 0, the asymptotic behavior solutions of Eq. (11) will be determined by G1/2.
We can prove that this fact corresponds to the choice of a specific value of the constant
c1 = 0 and c2 = −
√
pi/(8α3/2) in exact solution (10).
In addition, consider bouncing cosmological models with scale factor
a(t) = exp(αt2) + exp(α2t4), α > 0.
It is not easy to reconstruct function F (G) for this model. However is quite possible, to
investigate the asymptotic behavior of solutions of Friedmann equation. In this case,
the differential equation (11) has two singularities: G = 0 (regular point) and G = ∞
(irregular point). The solution in the neighborhood of G = 0 has been investigated in
the work [37]. On the basis of Puiseux series we construct an asymptotic expansion of
the solution when G → ∞
F (G) =A0G −
√
6G1/2 − 2
7/6323/6
5
α2/3G1/6 +O
(
1
G1/6
)
+
+B0 exp
( G1/3
211/331/3α2/3
)
G−1/12
(
1 +O
(
1
G1/3
))
.
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5 Summary
We have reconstructed F (G) gravity model with exponential scale factor and found
that in this model the bouncing behavior can happen. Also, we have explored the
behavior of solutions of Friedmann equations for this model at the singularities of
the differential equation. In particular, the Puiseux series were used to obtain the
asymptotic expansion at an irregular singularity. In addition, it has been verified that
in a sum of two exponential functions model of the scale factor, asymptotic behavior at
late-time cosmic acceleration is similar to that of the model discussed above. Recently
there was an paper [38] one can demonstrated that in the context of LQC, it is possible
to realize a deformed matter bounce scenario, in which the deformation practically
alters the late-time behavior of the model. Would be interesting to apply the proposed
mechanism for the constructed in our paper models.
Acknowledgments
This work was supported by a grant of the Russian Ministry of Education and Science.
References
[1] R. H. Brandenberger, Cosmology of the Very Early Universe, AIP Conf. Proc. 1268
(2010), 3.
[2] R. H. Brandenberger, Introduction to Early Universe Cosmology, PoS ICFI 2010
(2010), 001.
[3] R. H. Brandenberger, Alternatives to the inflationary paradigm of structure forma-
tion, Int. J. Mod. Phys. Conf. Ser. 01 (2011), 67.
[4] R. H. Brandenberger, The Matter Bounce Alternative to Inflationary Cosmology,
arXiv:1206.4196.
[5] M. Novello and S. E. P. Bergliaffa, Bouncing Cosmologies, Phys. Rept. 463 (2008),
127.
[6] V. A. Belinsky, I. M. Khalatnikov and E. M. Lifshitz, Oscillatory approach to a
singular point in the relativistic cosmology, Adv. Phys. 19 (1970), 525.
[7] J. K. Erickson, D. H. Wesley, P. J. Steinhardt and N. Turok, Kasner and mixmaster
behavior in universes with equation of state w ≥ 1, Phys. Rev. D 69 (2004), 063514.
[8] B. Xue and P. J. Steinhardt, Unstable growth of curvature perturbation in non-
singular bouncing cosmologies, Phys. Rev. Lett. 105 (2010), 261301.
[9] B. Xue and P. J. Steinhardt, Evolution of curvature and anisotropy near a nonsin-
gular bounce, Phys. Rev. D 84 (2011), 083520.
[10] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, The Ekpyrotic universe:
Colliding branes and the origin of the hot big bang, Phys. Rev. D 64 (2001), 123522.
7
[11] Y.-F. Cai, D. A. Easson and R. Brandenberger, Towards a Nonsingular Bouncing
Cosmology, J. Cosmol. Astropart. Phys. 1208 (2012) 020.
[12] Y.-F. Cai, R. Brandenberger and P. Peter, Anisotropy in a Nonsingular Bounce,
Class. Quant. Grav. 30 (2013), 075019.
[13] T. Qiu, X. Gao and E. N. Saridakis, Towards Anisotropy-Free and Non-Singular
Bounce Cosmology with Scale-invariant Perturbations, Phys. Rev. D 88 (2013),
043525.
[14] Y.-F. Cai, E. McDonough, F. Duplessis and R. H. Brandenberger, Two Field
Matter Bounce Cosmology, J. Cosmol. Astropart. Phys. 1310 (2013) 024.
[15] S. Nojiri and S. D. Odintsov, Unified cosmic history in modified gravity: from
F(R) theory to Lorentz non-invariant models, Phys. Rep. 505 (2011), 59.
[16] S. Nojiri and S. D. Odintsov, Introduction to modified gravity and gravitational
alternative for dark energy, Int. J. Geom. Meth. Mod. Phys. 4 (2007), 115.
[17] K. Bamba and S. D. Odintsov, Universe acceleration in modified gravities: F (R)
and F (T ) cases, arXiv:1402.7114.
[18] S. Capozziello and V. Faraoni, Beyond Einstein gravity: a survey of gravitational
theories for cosmology and astrophysics (Springer, Dordrecht, 2010).
[19] S. Capozziello and M. De Laurentis, Extended Theories of Gravity, Phys. Rep.
509 (2011), 167.
[20] K. Bamba, S. Capozziello, S. Nojiri and S. D. Odintsov, Dark energy cosmology:
the equivalent description via different theoretical models and cosmography tests,
Astrophys. Space Sci. 342 (2012), 155.
[21] S. Nojiri, S. D. Odintsov and V. K. Oikonomou, Bounce universe history from
unimodular F (R) gravity, Phys. Rev. D 93 (2016), no.8, 084050.
[22] S. D. Odintsov and V. K. Oikonomou, Big-Bounce with Finite-time Singularity:
The F (R) Gravity Description, arXiv:1512.04787.
[23] S. D. Odintsov and V. K. Oikonomou, Bouncing cosmology with future singularity
from modified gravity, Phys. Rev. D 92 (2015), no.2, 024016.
[24] J. Haro, A. N. Makarenko, A. N. Myagky, S. D. Odintsov, V. K. Oikonomou,
Bouncing loop quantum cosmology in Gauss-Bonnet gravity, Phys. Rev. D 92 (2015),
no.12, 124026.
[25] S. D. Odintsov and V. K. Oikonomou, ΛCDM Bounce Cosmology without ΛCDM:
the case of modified gravity, Phys. Rev. D 91 (2015), no.6, 064036.
[26] S. D. Odintsov, V. K. Oikonomou and E. N. Saridakis, Superbounce and Loop
Quantum Ekpyrotic Cosmologies from Modified Gravity: F (R), F (G) and F (T )
Theories, Annals Phys. 363 (2015), 141.
[27] Z.-G. Liu, Z.-K. Guo and Y.-S. Piao, Obtaining the CMB anomalies with a bounce
from the contracting phase to inflation, Phys. Rev. D 88 (2013), 063539.
8
[28] Yi-Fu Cai and Edward Wilson-Ewing, A ΛCDM bounce scenario, JCAP 03 (2015),
006.
[29] Yi-Fu Cai, Francis Duplessis, Damien A. Easson and Dong-Gang Wang, Searching
for a matter bounce cosmology with low redshift observations, Phys. Rev. D 93
(2016), 043546.
[30] Yi-Fu Cai, Antonino Marciano, Dong-Gang Wang and Edward Wilson-Ewing,
Bouncing cosmologies with dark matter and dark energy, Universe 3(1) (2017), 1.
[31] S. Nojiri and S. D. Odintsov, Modified Gauss-Bonnet theory as gravitational al-
ternative for dark energy, Phys. Lett. B 631 (2005), 1.
[32] G. Cognola, M. Gastaldi and S. Zerbini, On the Stability of a class of Modified
Gravitational Models, Int. J. Theor. Phys. 47 (2008), 898.
[33] S. Capozziello, S. Nojiri, S. D. Odintsov and A. Troisi, Cosmological viability of
f(R)-gravity as an ideal fluid and its compatibility with a matter dominated phase,
Phys. Lett. B 639 (2006) 135.
[34] S. Nojiri and S. D. Odintsov, Modified f(R) gravity consistent with realistic cos-
mology: From matter dominated epoch to dark energy universe, Phys. Rev. D 74
(2006), 086005.
[35] K. Bamba, S. Nojiri and S. D. Odintsov, The universe future in modified gravity
theories: approaching the finite-time future singularity, J. Cosmol. Astropart. Phys.
0810 (2008), 045.
[36] F. W. J. Olver, Asymptotics and Special Functions (Academic Press, New York,
1974).
[37] K. Bamba, A. N. Makarenko, A. N. Myagky and S. D. Odintsov, Bouncing cos-
mology in modified Gauss-Bonnet gravity, Phys. Lett. B 732 (2014), 349.
[38] S. D. Odintsov, V. K. Oikonomou, Deformed Matter Bounce with Dark Energy
Epoch, Phys.Rev. D 94 (2016), no.6, 064022.
[39] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Dark energy in
modified Gauss-Bonnet gravity: Late-time acceleration and the hierarchy problem,
Phys. Rev. D 73 (2006), 084007.
[40] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Properties of singularities in (phantom)
dark energy universe, Phys. Rev. D 71 (2005), 063004.
9
